We report our results in investigating edge effects of open antiferromagnetic Heisenberg spin chains with spin magnitudes 5= 1/2, 1,3/2, 2 using the density-matrix renormalization-group method initiated by White. For integer spin chains, we find that edge states with spin magnitude S, dg, =S/2 exist, in agreement with the valence-bond-solid model picture. For half-integer spin chains, we find that no edge states exist for the 5=1/2 spin chain, but an edge state exists in the 5=3/2 spin chain with a S, dg, =1/2, in agreement with a previous conjecture by Ng. The properties of the edge state in the 5= 3/2 chain is studied in detail. Strong finite-size effects associated with spin dimerization in half-integer spin chains are also discussed.
5=1/2 spin chain, but an edge state exists in the 5=3/2 spin chain with a S, dg, =1/2, in agreement with a previous conjecture by Ng. The properties of the edge state in the 5= 3/2 chain is studied in detail. Strong finite-size effects associated with spin dimerization in half-integer spin chains are also discussed.
Antiferromagnetic
Heisenberg spin chains have been a subject of immense interest in the last decade since Haldane conjectured that the low energy physics of integer and halfinteger spin chains are fundamentally different. ' It is now generally believed that half-integer Heisenberg spin chains have gapless excitation spectrum, whereas gaps exist in integer spin chains (Haldane gap). More recently, there has been increasing interests in studies of spin chains with defects.
In particular, the properties of broken S = 1 quantum spin chains have received much attention because of the experimental observation of 5= 1/2 excitations localized at the ends of broken 5= 1 spin chains. More generally, one may address the question of whether edge states are genuine properties of finite quantum spin chains as in the fractional quantum hall effect. ' Recently, a theory of edge states based on the nonlinear-cr model (NLoM) plus topological 0 term has been developed by one of us where it was suggested that edge states are genuine properties of antiferromagnetic quantum spin chains with spin value 5)1/2. In particular, it was conjectured that for integer spin chains, edge states with spin magnitude 5 dg 5/2 should exist, in agreement with the valence-bond-solid ' picture whereas for half-integer spin chains edge states with spin magnitude S, ds, = (5 -l/2)/2 are conjectured to exist. In this paper, we shall address this question for both integer and half-integer spin chains numerically using the recently developed density-matrix renormalization- clearly as for integer spin chains in the energy curve.
To understand this behavior we examine the edge state picture for half-integer spin chains in more detail. According to Ng, the low energy physics of an open half-integer S=n+1/2 spin chain is described by an effective 5=1/2 spin chain superimposed on a spin n valence-bond-solid wave function. At the bulk the spins associated with the valence-bond-solid wave function are frozen, leaving an effective S= 1/2 spin chain. However, at the end points, edge states of the valence-bond-solid wave function remain with spin magnitude n/2. The valence-bond-solid edge states together with the S=1/2 spins coming from the 5=1/2 spin chain form effective "impurity ' spins of magnitude n/2+1/2 at the ends of spin chain, coupling to the (bulk) 5= 1/2 spin chain antiferromagnetically. For 5= 3/2 chain, two effective "impurity" spins with magnitude 5; =1 are found at two ends of the spin chain.
Models of 5=1/2 spin chain coupling to impurity spins have been investigated in detail by Eggert and AffIeck. According to their analysis, the 5; =1 impurity spin will be partially screened by a Kondo-type effect at low energy, leaving "free" spins of magnitude S, dg, =1/2 at the ends, coupling f erromagneti cally to the bulk 5 = 1/2 spin chain.
Again, the coupling of the "impurity" spin to the bulk 5= 1/2 spin chain can be analyzed using the renormalizationgroup technique. For ferromagnetic coupling, the corresponding operator is marginally irrelevant, implying that a free S, dg, =1/2 is left at each end of the spin chain as L~~. For a finite spin chain, an RKKY-type coupling between the two edge spins will be found, and the resulting ground state is a spin singlet for even chains, as is in the case of integer spin chains. The RKKY coupling JR between the two edge spins comes from exchange of spin waves, and has a length dependence JR-g/L, where g is some effective coupling constant. Thus we expect that the excitation energy for the edge spins E,d is proportional to g/L. Notice that at large distance L, the coupling constant g will be renormal- we shall present a more direct numerical evidence supporting our edge states picture. Figure 6 shows the expectation value (5, ') for the 5, "'= 1 state for all four spin chains 5= 1/2, 1,3/2, 2 with 100 sites, i.e. , i =1,100. The four cases are arranged from top to bottom in increasing order of spin magnitude, i.e. , the top one is for 5= 1/2, and bottom one for 5=2, etc. For spinsinglet ground states, (5, ') will be zero for all sites i Thus In fact, in all three cases we considered, (5, ') suggests clearly that the first excited states all consist of spin excitations which are localized around edges of spin chains, i.e. , they are edge excitations. It is also clear from the figure that the correlation length of the edge state in the S=3/2 spin chain is much larger than the corresponding correlation length of the 5=1 spin chain, in agreement with general expectation and with results obtained from excitation energy analysis. It is interesting to study (S, ') for the 5', "~2 states and looks at the difference in (5, ') between the 5', "~2 and 5, "'= 1 states. In Fig. 7 we plot the differences in S, ' 
